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1. Introduction
In what follows, p will always denote a prime, q a power of p, Fq the ﬁeld of order q and Aq
a ﬁxed algebraic closure of Fq . We will assume that all our ﬁnite extensions of Fq are subﬁelds of Aq;
it is clear that a ﬁnite subgroup M of the multiplicative group A∗q must be contained in some ﬁnite
extension L of Fq . Further, k will be a positive integer and N will denote the set of all positive
integers. If f (t) ∈ Fq[t] is irreducible of degree k over Fq , we will, usually without further comment,
take Fqk ⊆ Aq as the splitting ﬁeld for f (t) over Fq .
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f (t) = tk − ak−1tk−1 − · · · − a1t − a0 ∈ Fq[t]
where a0 = 0. An f -sequence in L is a (doubly-inﬁnite) sequence S = (si)i∈Z of elements si ∈ L such
that
si = ak−1si−1 + · · · + a1si−k+1 + a0si−k
for all i ∈ Z. We say that f (t) is a characteristic polynomial of S .
If ω ∈ L is a root of f (t), with multiplicative order |ω|, then the subgroup 〈ω〉 of the multiplica-
tive group L∗ may be regarded, in the following fairly obvious way, as (the underlying set of) an
f -sequence of minimal period |ω|:
〈ω〉 = (. . . ,1,ω,ω2, . . . ,ω|ω|−1, . . .).
This seems to have been ﬁrst noticed by Somer [9,10].
It can sometimes happen, for certain choices of Fq , f (t) and ω with f (ω) = 0, that the sub-
group 〈ω〉 may be written in an alternative, “less obvious”, manner as an f -sequence: we will below
call such a group 〈ω〉 “non-standard”. This raises the question of classifying this behavior. When f (t)
has degree 2, the authors studied this problem in [1,3,4]: in those papers, the non-standard groups
arose when f (t) was a primitive polynomial or of the form t2 − ρ , for certain ρ , or else by “lifting
techniques” from these cases. Very recently, Hollmann [5] showed that this is always the case: he
related the non-standard groups with subgroups of the projective linear group PGL(2,q), and, using a
result from [4], answered the question when f (t) is irreducible of degree 2.
In this paper we study the problem when f (t) has general degree k. Non-standard subgroups
continue to arise when f (t) is primitive and in certain cases when f (t) is “equally-spaced”, that is,
of the form g(td), for d > 1. The latter situation reduces to the case f (t) = t2 − ρ when k = d = 2.
For k > 2, further non-standard subgroups can arise if f (t) is an “a-power polynomial”; that is, of the
form f (t) =∑ki=0 ak−iti for some a ∈ F∗q . It should be noted that Hollmann [5] has found “sporadic”
non-standard f -subgroups for certain polynomials f (t) associated with the Mathieu Groups. Some
of the results below, namely Theorems 4.3, 5.2 and 6.4, are improvements of results in the second
author’s PhD thesis [8].
This paper is organized as follows. For the rest of Section 1, we present deﬁnitions and general
background results. In Section 2, we study the restricted period of a polynomial, while in Section 3 we
present “lifting” and other theorems. In Sections 4, 5 and 6, respectively, we study different situations
which give rise to non-standard subgroups.
A word on the references. We will make much use of the standard reference [6], but most of the
results we refer to can also be found in [7]. In particular, results referred to as 8.n of [6] can also be
found as 6.n of [7], and such references will be given only to [6].
1.1. Deﬁnition. Suppose that f (t) ∈ Fq[t] is monic of degree k with f (0) = 0.
(a) Write ord( f ) for the least e ∈ N such that f (t) divides te − 1: see 3.1 of [6] or [7].
(b) The f -sequence S = (si)i∈Z in Aq is called cyclic if there exists λ ∈ L such that si+1 = λsi for all
i ∈ Z; in this situation, λ will be called the common ratio of S .
(c) An f -subgroup is a ﬁnite subgroup M A∗q , such that M may be written as a periodic f -sequence
(. . . ,m0 = 1,m1, . . . ,m|M|−1, . . .)
of least period |M|, the order of M , where M = {m0, . . . ,m|M|−1}. In this situation we say that the
f -sequence (mi)i∈Z represents M as an f -subgroup.
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uk−1 = 1 if k > 1; when k = 1 the unit f -sequence will be the f -sequence deﬁned by u0 = 1.
(e) The restricted period, δ( f ) of f , is the least positive integer n with un = · · · = un+k−1 = 0 if k > 1
(see [2]); when k = 1, we set δ( f ) = 1. In both cases, μ = uδ( f )+k−1 is called the multiplier of U .
1.2. Remarks. Suppose that f (t) ∈ Fq[t] is monic of degree k with f (0) = 0 and with distinct roots in
a splitting ﬁeld L of f over Fq .
(a) It is shown on p. 415 of [1] that for k = 2, an f -subgroup always belongs to L (up to isomor-
phism). Because of the description of ord( f ) given in 3.11 of [6] or [7], a similar argument shows
that this remains true for any k 1.
(b) We have ui+δ( f ) = μui for all i ∈ Z where μ is the multiplier of U : see 3.1 of [2].
(c) The restricted period, δ( f ) of f , coincides with what is sometimes called the subexponent of f (t);
that is, δ( f ) is the least positive integer such that there exists c ∈ Fq with f (t) | tδ( f ) − c:
see [6, p. 131]. It can be shown that this c coincides with the multiplier, μ, of U . If ω ∈ L is
a root of f (t) then ωδ( f ) = μ, and δ( f ) is minimal such that this holds for all the roots of f (t):
see, for example, [11]. Because f (0) = 0 then μ = 0.
The following lemma relates f -subgroups with cyclic f -sequences.
1.3. Lemma. Let f (t) = tk − ak−1tk−1 − · · · − a1t − a0 ∈ Fq[t] with f (0) = 0.
(a) Suppose that S is a cyclic f -sequencewith common ratio λ = 0 in a ﬁnite extensionL ofFq. If S contains 1
then S represents 〈λ〉 L∗ as an f -subgroup and f (λ) = 0.
(b) Let M be an f -subgroup. If S is a cyclic f -sequence which represents M then the common ratio λ of S
satisﬁes M = 〈λ〉 and f (λ) = 0.
(c) Suppose that L is a ﬁnite extension of Fq and that for some λ ∈ L∗ and some i ∈ Z, (λi, λi+1, . . . , λi+k) is
a segment of an f -sequence, S . Then f (λ) = 0 and S is cyclic and contains 1.
Proof. (a) Write S = (si)i∈Z . We may assume notation chosen so that s0 = 1; then si = λi for all i ∈ Z
and S = (λi)i∈Z represents 〈λ〉 L∗ as an f -subgroup of order |λ|. Because S is an f -sequence then
λk = ak−1λk−1 + · · · + a1λ + a01
and so f (λ) = 0.
(b) By (a), and the fact that 1 ∈ S because S represents a group, then S represents 〈λ〉 and so
M = 〈λ〉; the other assertions follow from (a).
(c) We may write S = (si)i∈Z with s0 = λi, s1 = λi+1, . . . , sk = λi+k . Because S is an f -sequence
then
sk = λi+k = ak−1λi+k−1 + · · · + a1λi+1 + a0λi,
and so f (λ) = 0 because λ = 0. Also,
sk+1 = ak−1sk + · · · + a1s2 + a0s1
= ak−1λi+k + · · · + a1λi+2 + a0λi+1
= λi+1(ak−1λk−1 + · · · + a1λ + a01)
= λi+k+1
and by induction s j = λi+ j for all j ∈ Z. Thus S is a cyclic f -sequence, while 1 = s−i ∈ S . 
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to be non-standard (as an f -subgroup) if M admits a representation as a non-cyclic f -sequence, while
M is said to be standard (as an f -subgroup) if the only f -sequences which represent M are cyclic.
2. The restricted period
In our previous work in this area, for f -subgroups where f (t) has degree 2, the restricted period
δ( f ) of f (t) has played a useful role: see, for example, [3]. This appears to be because, at least for
irreducible f (t), δ( f ) provides a link between the sequential aspects of an f -sequence and the group
structure of an f -subgroup: see Lemma 2.2(a) below and the comment thereafter.
We begin this section by extending the theory of the restricted period in [3] to polynomials f (t)
of degree k ∈ N. We then investigate two extremes: Propositions 2.5 and 2.7 study the minimum
possible values of δ( f ), while Proposition 2.8 studies the maximum possible value.
2.1. Lemma. Let q be a power of a prime and suppose m ∈ N is coprime with q. Then there exists k ∈ N such
that m is the order of a multiplicative subgroup, M  F∗
qk
. Write D = M ∩ F∗q , c = |M/D| and d = |F∗q/D|.
Then c and d are coprime and m = c q−1d . If c1 and d1 are coprime positive integers with d1 | q − 1 and with
m = c1 q−1d1 then c1 = c and d1 = d.
Proof. We may consider q as an element of the group of units (mod m). There exists k ∈ N such that
qk ≡ 1 (mod m). Thus m | qk − 1 and so the ﬁnite cyclic group F∗
qk
possesses a (unique) subgroup, M ,
of order m. Suppose a prime t divides both c and d. Then F∗q/D would contain two distinct subgroups
of order t , which is impossible. It follows that c and d are coprime. Further, |M| = |M/D||D| = c q−1d .
The ﬁnal assertion is straightforward to check. 
The above expression m = c q−1d will be referred to as the q-factorization of m. This concept was
introduced in [3] (when k = 2) under the name “q2-factorization”.
The following may be proved by a direct analog of the proof of 3.1 in [3]; we omit the details.
2.2. Lemma. Let q be a power of a prime, k ∈ N and f (t) ∈ Fq[t] be monic and irreducible of degree k  1
over Fq with f (0) = 0.
(a) If ord( f ) = c(q − 1)/d is the q-factorization of ord( f ) then c = δ( f ).
(b) If g(t) ∈ Fq[t] is also irreducible over Fq of degree k with g(0) = 0 and with ord(g) = ord( f ) then
δ( f ) = δ(g).
In the situation of this lemma, suppose that f (t) has a root ω in the splitting ﬁeld Fqk . Part (a)
implies that the intersection 〈ω〉 ∩ F∗q has index δ( f ) in 〈ω〉; given that δ( f ) is deﬁned in terms of
f -sequences, this is the link between the sequential aspects of an f -sequence and the group structure
of an f -subgroup referred to above.
2.3. Deﬁnition. Let q be a power of a prime and Aq be a ﬁxed algebraic closure of Fq . The set of all
ﬁnite multiplicative subgroups M A∗q will be denoted by Mq .
(a) If M ∈ Mq deﬁne δ(M) to be δ( f ) where f is the minimum polynomial over Fq of any generator
of M . If m ∈ N is coprime with q, deﬁne δ(m) to be δ(M) where M ∈ Mq with |M| =m.
(b) Deﬁne an equivalence relation, ∼, on Mq by
M1 ∼ M2 if and only if δ(M1) = δ(M2).
If M1 ∼ M2, M1 and M2 are said to be δ-equivalent.
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(a) If f (t) ∈ Fq[t] is monic and irreducible, with f (0) = 0, then δ( f ) = ord( f )/gcd(ord( f ),q − 1).
(b) If M ∈ Mq then δ(M) = |M/M ∩ F∗q | = |M|/gcd(|M|,q − 1).
(c) Suppose that M1,M2 ∈ Mq with M1 ∼ M2 . Let gi be a generator of Mi for i = 1,2. Then Fq(g1) =
Fq(g2) and the minimum polynomials of g1 and g2 , respectively, over Fq have the same degree.
Proof. (a), (b) These assertions follow from Lemmas 2.1 and 2.2(a).
(c) Write f i(t) for the minimum polynomial of gi over Fq . By hypothesis and part (b),
|M1|/
∣∣M1 ∩ F∗q∣∣= |M2|/∣∣M2 ∩ F∗q∣∣,
and then by the formula for the order of a product of subgroups,∣∣F∗qM1∣∣= ∣∣F∗q∣∣|M1|/∣∣M1 ∩ F∗q∣∣= ∣∣F∗q∣∣|M2|/∣∣M2 ∩ F∗q∣∣= ∣∣F∗qM2∣∣.
Thus F∗qM1 = F∗qM2, and then Fq(g1) = Fq(g2). The assertion follows. 
The next result investigates lower bounds for δ( f ) when f (t) is not assumed to be irreducible.
2.5. Proposition. Suppose that f (t) ∈ Fq[t] is monic of degree k with f (0) = 0. Then δ( f ) k and
(a) δ( f ) = k if and only if there exists a0 ∈ F∗q with f (t) = tk − a0 , and
(b) if k 2 then δ( f ) = k + 1 if and only if there exists a ∈ F∗q with f (t) =
∑k
i=0 ak−iti .
Proof. Write f (t) = tk − ak−1tk−1 − · · · − a1t − a0 ∈ Fq[t], so that a0 = 0. In the unit f -sequence
U = (ui)i∈Z we have u0 = · · · = uk−2 = 0 and uk−1 = 1. Hence the next member of the sequence
which might possibly be zero is uk , which means that δ( f ) k.
(a) Suppose that δ( f ) = k. Then U must have the following aspect, where B denotes a block of
k − 1 consecutive zeroes:
U = (. . . ,B,1,B,a0,B,a20,B, . . .).
Certainly g(t) = tk − a0 is a characteristic polynomial for this sequence, while f is its minimal poly-
nomial by 8.52 of [6]. Thus f (t) | g(t) by 8.42 of [6] and so f (t) = g(t) because both are monic of
degree k.
Conversely, if f (t) = tk − a0 then the unit f -sequence again has the aspect
U = (. . . ,B,1,B,a0,B,a20,B, . . .)
and so δ( f ) = k.
(b) Suppose that δ( f ) = k+ 1 and write f (t) = tk − ak−1tk−1 − · · · − a1t − a0 ∈ Fq[t]. Then the unit
f -sequence, U , must have the following aspect (with B as above):
U = (. . . ,B,1,ak−1,B,a0ak−1,a0a2k−1,B, . . .).
In particular, a0ak−1 is the multiplier of the unit f -sequence; it follows from Remark 1.2(c) that
a0ak−1 = 0.
Now, g(t) = tk+1 −a0ak−1 ∈ Fq[t] is evidently a characteristic polynomial for U . By 8.52 of [6], f (t)
is the minimal polynomial of U and so f (t) | g(t) by 8.42 of [6]. Thus, necessarily, g(t) = f (t)(t − a)
where a = −ak−1 = 0. Because a is a root of g(t) then g(t) = tk+1 − ak+1. But now
f (t) = g(t)/(t − a) = tk + atk−1 + a2tk−2 + · · · + ak.
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f (t) = tk + atk−1 + a2tk−2 + · · · + ak
where a ∈ F∗q . By 8.52 of [6], f (t) is the minimal polynomial of the unit f -sequence U = (ui)i∈Z . We
have ui = 0 for 0  i  k − 2 and uk−1 = 1. Then uk = −auk−1 = −a. But f (t) | g(t) where g(t) =
tk+1 − ak+1, and so by 8.42 of [6], g(t) is a characteristic polynomial of U , whence un+k+1 = ak+1un
for all n. Thus, u2k = ak+1uk−1 = ak+1 and u2k+1 = ak+1uk = −ak+2 and so U must necessarily have
the following aspect (with B as above):
U = (. . . ,B,1,−a,B,ak+1,−ak+2,B, . . .).
Thus δ( f ) = k + 1. 
Part (b) of the above result prompts the following deﬁnition.
2.6. Deﬁnition. Let q be a power of a prime, let a ∈ F∗q . The a-power polynomial of degree k in Fq[t] is
the polynomial
f (t) = tk + atk−1 + · · · + ak−iti + · · · + ak−1t + ak.
When a = 1 this reduces to the “all ones polynomial” tk + tk−1 + · · · + t + 1.
The next result studies a-power polynomials.
2.7. Proposition. Suppose that f (t) ∈ Fq[t] is monic and irreducible of degree k 2.
(a) If f (t) is an a-power polynomial, for some a ∈ F∗q , then k + 1 is a prime which divides neither q nor |a|,
while ord( f ) = |a|(k + 1).
(b) Suppose that ord( f ) = h(k + 1) where h | q − 1. Then δ( f ) = k + 1 is prime and f (t) is an a-power
polynomial for some a ∈ F∗q such that |a| = h. Furthermore, gcd(h,k + 1) = 1.
Proof. (a) Write
g(t) = a−k f (at) = tk + tk−1 + · · · + t + 1 ∈ Fq[t].
Now g is irreducible, whence r = k + 1 3 is a prime which cannot divide q. Thus g(t) is the cyclo-
tomic polynomial of the rth roots of unity over Fq . Because g(t) is irreducible over Fq , q must have
order r − 1 (mod r) by 2.47(ii) of [6] or [7].
Suppose that r | |a|. Then r | q − 1 because a ∈ F∗q . Thus q ≡ 1 (mod r) against q having order
r − 1 (mod r) with r  3. Thus r  |a|.
Let σ ∈ F∗
qk
be a root of g(t); then |σ | = r = k + 1. But f (aσ) = 0 and so
ord( f ) = |aσ | = |a||σ | = |a|(k + 1),
the second equality because |a| is coprime with |σ |.
(b) Let ω ∈ F∗
qk
be a root of f ; by hypothesis |ω| = h(k + 1) where h | q − 1. Then |ωk+1| = h and
so ωk+1 ∈ F∗q because h | q − 1. But then the image of ω in the quotient group F∗qk/F∗q has order
which divides k + 1. Because f (t) is irreducible this order coincides with δ( f ) by Lemma 2.4(a),
and so δ( f ) | k + 1. But δ( f )  k  2, and so δ( f ) = k + 1. It now follows from the previous lemma
that f (t) is an a-power polynomial for some a ∈ F∗q . Now by part (a), we must have |a| = h and
gcd(h,k + 1) = 1. 
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irreducible monic polynomial of degree k 1 with f (0) = 0 and ord( f ) = qk − 1.
2.8. Proposition. Let f (t) ∈ Fq[t] be monic of degree k with f (0) = 0. Then δ( f ) qk−1q−1 and
(a) if f (t) is irreducible then δ( f ) | qk−1q−1 ;
(b) if f (t) is irreducible and if ω ∈ F∗
qk
is a root of f (t) then δ( f ) = qk−1q−1 if and only if F∗qk = F∗q〈ω〉; and
(c) if f (t) is primitive then δ( f ) = qk−1q−1 and the multiplier, uδ( f )+k−1 , has multiplicative order q − 1.
Proof. When k = 1 the assertions are immediate, so we may assume that k 2.
There are qk −1 state vectors in Fkq and q
k−1
q−1 classes of state vectors if two vectors are regarded as
in the same class when one is equal to the other multiplied by an element of F∗q . The restricted period
of the unit f -sequence U = (ui)i∈Z is the smallest positive integer d such that there exists λ = 0 with
ui+d = λui for all i ∈ Z and so it is the period of the classes of state vectors in the sequence. Given
that each state vector determines the sequence, the period of the classes can be no greater than the
number of classes; in other words, δ( f ) q
k−1
q−1 .
Suppose that f (t) is irreducible with a root ω ∈ F∗
qk
. By Lemma 2.4(b),
δ( f ) = ∣∣〈ω〉/〈ω〉 ∩ F∗q∣∣= ∣∣〈ω〉F∗q/F∗q∣∣.
The third member here divides |F∗
qk
/F∗q | = q
k−1
q−1 . Assertions (a) and (b) follow.
Suppose that f (t) is primitive with a root ω ∈ F∗
qk
. Then F∗
qk
= F∗q〈ω〉 and so δ( f ) = q
k−1
q−1 by (b).
By 3.1(c) of [2], |ω| = δ( f )|uδ( f )+k−1| and so |uδ( f )+k−1| = q − 1, which proves (c). 
2.9. Remarks.
(a) Let f (t) = t4 − t2 + 1 = (t2 + 2)(t2 + 4) ∈ F7[t]. The unit f -sequence is
U = (. . . ,0,0,0,1,0,1,0,0,0,−1,0,−1, . . .)
and so δ( f ) = 6. Here, f (t) is not irreducible and δ( f ) does not divide 74−17−1 .
(b) By Proposition 2.8(c), if f (t) is primitive then δ( f ) = qk−1q−1 . The converse is not valid. For let
f (t) = t2 − t − 1 ∈ F7[t], which is irreducible of order 16 but not primitive. By Lemma 2.4(a),
δ( f ) = 8 = 72−17−1 . Polynomials f (t) ∈ Fq[t] with δ( f ) = q
k−1
q−1 are called subprimitive by some au-
thors: see [6, p. 133].
3. Lifting and other theorems
The next result lifts the non-standard property in certain circumstances. This is not only useful
for producing new non-standard subgroups from known examples, but also enables us to deﬁne a
subgroup in Mq to be standard (or not) “over Fq”, rather than “as an f -subgroup where f (t) ∈ Fq[t]”.
In the proof, we appeal to 8.28 of [6]. Hollmann, in [5], points out that result is proved in [6]
only for f -sequences in a ﬁnite ﬁeld Fq when f (t) is irreducible over Fq , but that the proof may be
extended to f -sequences in a ﬁnite ﬁeld L when f is irreducible over some subﬁeld of L. We will
use this more general version without further comment.
We will continue with our ﬁxed algebraic closure Aq of Fq and set Mq of subgroups from Deﬁni-
tion 2.3.
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For i = 1,2 let μi be a generator of Mi and let f i(t) be the minimal polynomial of μi over Fq. Suppose M1
admits η cyclically-distinct representations as an f1-subgroup. Then M2 admits at least η cyclically-distinct
representations as an f2-subgroup. In particular, if M1 is non-standard as an f1-subgroup then M2 is non-
standard as an f2-subgroup.
Proof. By Lemma 2.4(c), f1(t) and f2(t) have the same degree, say k. Write δ = δ(M1) = δ(M2) and
s = |M2 : M1|. Then μ1 = μsy2 for some y ∈ N coprime with |M1|. For i = 1,2 and j = 0, . . . ,k − 1, let
λi, j = μq
j
i ∈ L∗ denote the k distinct roots of f i(t), and note that λ1, j = λsy2, j for all relevant j.
Suppose that S1 is a representation of M1 as an f1-subgroup. By 8.21 of [6] there exist
α0, . . . ,αk−1 ∈ Fqk , such that
S1 =
(
α0λ
r
1,0 + · · · + αk−1λr1,k−1: r ∈ Z
)
where we may suppose α0 + · · · + αk−1 = 1. Write
S2 :=
(
α0λ
r
2,0 + · · · + αk−1λr2,k−1: r ∈ Z
)
.
Then S2 is an f2-sequence and is non-null because 1 ∈ S2 (when r = 0). Because f2 is irreducible
and f2(0) = 0 then by 8.28 of [6] S2 has least period equal to ord( f2) = |g2|.
Now gcd(s, δ) = 1. For, by Lemma 2.2(a), ord( f i) = |Mi | = δ(q − 1)/di where di is coprime with δ,
for i = 1,2. Then
s = |M2 : M1| = d1/d2,
which is coprime with δ.
Write κ = λδ2,0 = · · · = λδ2,k−1; see Remark 1.2(c). Then
〈κM1〉 =
〈
λδ2,0M1
〉= 〈λ2,0M1〉 = M2/M1
the second equality because δ is coprime with s = |M2/M1|. Thus the disjoint union
M2 = M1 ∪˙ κM1 ∪˙ · · · ∪˙ κ s−1M1
is the decomposition of M2 into cosets of M1. If v ∈ Z then λδv2,0 = · · · = λδv2,k−1 = κ v and so (with the
obvious abuse of notation)
S2 ⊇
{
α0λ
syr+vδ
2,0 + · · · + αk−1λsyr+vδ2,k−1 : r ∈ Z
}
= {κ v(α0λsyr2,0 + · · · + αk−1λsyr2,k−1): r ∈ Z}
= {κ v(α0λr1,0 + · · · + αk−1λr1,k−1): r ∈ Z}
= κ vM1.
Thus
S2 ⊇ M1 ∪˙ κM1 ∪˙ · · · ∪˙ κ s−1M1 = M2.
Because S2 has period ord( f2) = |M2| then
S2 =
(
α0λ
r
2,0 + · · · + αk−1λr2,k−1: r ∈ Z
)
represents M2 as an f2-sequence.
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T1 =
(
β0λ
r
1,0 + · · · + βk−1λr1,k−1: r ∈ Z
)
where β0 + · · · + βk−1 = 1 also represents M1 as an f1-subgroup. Then, as above,
T2 =
(
β0h
r
2,0 + · · · + βk−1hr2,k−1: r ∈ Z
)
represents M2 as an f2-subgroup.
Suppose that S2 and T2 are (cyclically-) identical representations of M2 as an f2-subgroup. Then,
because we chose both to be 1 when r = 0, they must be identical sequences. In particular, for any r,
α0λ
syr
2,0 + · · · + αk−1λsyr2,k−1 = β0λsyr2,0 + · · · + βk−1λsyr2,k−1
and so
α0λ
r
1,0 + · · · + αk−1λr1,k−1 = β0λr1,0 + · · · + βk−1λr1,k−1
whence S1 and T1 are identical sequences. This proves the ﬁrst assertion.
If now M1 is non-standard as an f1-subgroup then it admits at least k + 1 cyclically-distinct rep-
resentations as an f1-sequence, and so M2 admits at least this number as an f2-sequence, whence
M2 is a non-standard f2-group. 
3.2. Corollary. Let q be a power of a prime. Suppose M ∈ Mq and suppose f1 and f2 are minimal polyno-
mials over Fq of generators of M. Then M is standard as an f1-subgroup if and only if it is standard as an
f2-subgroup.
We may thus make the following deﬁnition.
3.3. Deﬁnition. Let q be a power of a prime. Suppose M ∈ Mq . Then M is said to be standard over Fq
if M is standard as an f -subgroup where f (t) is the minimum polynomial over Fq of a generator
of M .
3.4. Proposition. Let q be a power of a prime and a be a positive integer. Suppose M ∈ Mq. If M is non-
standard over Fqa then M is non-standard over Fq.
Proof. Let μ ∈ Aq be a generator of M , let f (t) ∈ Fq[t] be the minimal polynomial of μ over Fq and
let g(t) ∈ Fqa [t] be the minimal polynomial of μ over Fqa . Then certainly g(t) | f (t) in Fqa [t].
Let S be a non-null g-sequence in Aq . Then g , being irreducible over Fqa , is the minimal polyno-
mial of the g-sequence S: see 8.42 of [6]. But g(t) | f (t) in Fqa [t] and so, again by 8.42 of [6], f (t) is
a characteristic polynomial of S . Thus S is an f -sequence.
If M  K∗ is non-standard as a g-subgroup, there exists d ∈ Aq such that M = (. . . ,1,d, . . .) is a
non-cyclic representation of M as a g-subgroup. Now, this non-cyclic sequence also exhibits M as an
f -subgroup. Thus M is non-standard as an f -subgroup. 
3.5. Proposition. Let f (t), g(t) ∈ Fq[t] be monic with f (0)g(0) = 0. Suppose that M A∗q is a non-standard
f -subgroup. Then M, considered as an f g-subgroup, is non-standard.
Proof. Let S = (. . . ,1, s1, . . . , s j, . . .) be a non-cyclic f -sequence which represents M . By 8.42 of [6],
the minimum polynomial of the sequence S divides f (t) and then by the same result, f (t)g(t) is
a characteristic polynomial for S , so that M is an f g-group. Because S is non-cyclic, M must be
non-standard as an f g-subgroup. 
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f -subgroup while it is non-standard as an f g-subgroup because (. . . ,1,6,2,5,4,3, . . .) is a non-cyclic
f g-sequence which represents M .
4. Non-standard groups (primitive polynomials)
If f (t) ∈ Fq[t] is irreducible of degree k with splitting ﬁeld Fqk  Aq and root ω ∈ F∗qk then
{ω, . . . ,ωk} is a basis of Fqk over Fq and so any f -sequence (si)i∈Z ⊆ Fqk may be written in the
form
(si)i∈Z =
(
k−1∑
j=0
ωk− j v j,i
)
i∈Z
where each sequence (v j,i)i∈Z ( j = 0, . . . ,k − 1) is an f -sequence in Fq .
Suppose also that f is primitive, so that ord( f ) = qk −1. Then each (v j,i)i∈Z is a translation of the
unit f -sequence (ui)i∈Z . To see this, note that there are just qk − 1 non-null k-vectors of elements
from Fq , and so each must appear somewhere in the unit f -sequence (which has minimum period
qk − 1). We may thus write (v j,i)i∈Z = (ui+τ ( j))i∈Z , where τ : {0, . . . ,k − 1} → {0, . . . ,qk − 2} is a
mapping. We may also write si,τ for si , so that si,τ =∑k−1j=0 ωk− jui+τ ( j) .
4.1. Lemma. Suppose that f ∈ Fq[t] is primitive of degree k. In the above notation, suppose that (si,τ )i∈Z is
an f -sequence such that si,τ = 0 for all i. Then F∗qk = {s0,τ , s1,τ , . . . , sqk−2,τ }.
Proof. By the preceding remark we may write
(si,τ )i∈Z =
(
k−1∑
j=0
ωk−1− jui+τ ( j)
)
i∈Z
.
By hypothesis {s0,τ , s1,τ , . . . , sqk−2,τ } ⊆ F∗qk ; to prove equality it is enough to show that the ele-
ments (si,τ )0iqk−2 are distinct. Suppose on the contrary that for some l,h ∈ {0, . . . ,qk − 2} with
l > h we have sl,τ = shτ , so that
k−1∑
j=0
ωk−1− jul+τ ( j) =
k−1∑
j=0
ωk−1− juh+τ ( j).
Because {1,ω,ω2, . . . ,ωk−1} is a basis of Fqk over Fq ,
ul+τ (i) = uh+τ (i), i = 0, . . . ,k − 1. (1)
We claim that ul − uh = ur , for some r ∈ {0, . . . ,qk − 2}, while if t ∈ Z, then ul+t − uh+t = ur+t . To see
this, we have (by Binet’s formula: 8.21 of [6])
ul+t =
k−1∑
j=0
α jω
q j(l+t) and uh+t =
k−1∑
j=0
α jω
q j(h+t)
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ul+t − uh+t =
k−1∑
j=0
α j
(
ωq
j(l+t) − ωq j(h+t)).
Now ωl = ωh , as 1  h < l  qk − 1 and ord(ω) = qk − 1, and so ωl − ωh ∈ F∗
qk
= 〈ω〉 (because f is
primitive), whence ωl − ωh = ωr for some r ∈ {0, . . . ,qk − 2}. Thus
ωl+t − ωh+t = (ωl − ωh)ωt = ωr+t .
By the Binomial Theorem in characteristic p, if s = 0, . . . ,k − 1,
ωq
s(l+t) − ωqs(h+t) = (ωr+t + ωh+t)qs − ωqs(h+t)
= ωqs(r+t) + ωqs(h+t) − ωqs(h+t)
= ωqs(r+t).
Thus
ul+t − uh+t = ur+t,
for all t ∈ Z.
Thus the expression (1) implies that ur+τ (i) = 0, for i = 0, . . . ,k − 1, whence
sr,τ =
k−1∑
j=0
ωk−1− jur+τ ( j) = 0,
contrary to the supposition that si,τ = 0 for all i. Thus
{s0,τ , s1,τ , s2,τ , . . . , sqk−2,τ } = F∗qk .
This completes the proof. 
4.2. Lemma. Suppose a1, . . . ,ak ∈ Fqk are linearly independent over Fq. If B ∈ GL(k,q) and if (b1, . . . ,bk) =
(a1, . . . ,ak)B then b1, . . . ,bk are linearly independent over Fq.
Proof. Suppose μi ∈ Fq are such that (b1μ1 + · · · + bkμk) = 0. Write B(μ1, . . . ,μk)T = (δ1, . . . , δk)T
where δi ∈ Fq . Then
0 = (b1, . . . ,bk)(μ1, . . . ,μk)T
= (a1, . . . ,ak)B(μ1, . . . ,μk)T
= (a1, . . . ,ak)(δ1, . . . , δk)T .
Thus δ1 = · · · = δk = 0 by the linear independence of a1, . . . ,ak ∈ Fqk over Fq and then μ1 = · · · =
μk = 0 because B ∈ GL(k,q) is invertible. Thus b1, . . . ,bk are linearly independent over Fq . 
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degree k. Then the group M = F∗
qk
is represented by [∏k−1i=0 (qk − qi)]/(qk − 1) cyclically-distinct f -sequences
and is non-standard over Fq unless either k = 1 or k = 2 and q = 2, in which cases it is standard.
Proof. If k = 1 we have f (t) = t − a1, and (ai1)i∈Z is, up to cyclic shift, the only f -sequence in Fq ,
while [∏k−1i=0 (qk − qi)]/(qk − 1) = 1, so M is standard in this case.
Thus suppose that k 2 and let ω ∈ Fqk be a root of f (t). Suppose that
τ : {0, . . . ,k − 1} → {0, . . . ,qk − 2}
is a mapping and that (ui)i∈Z is the unit f -sequence. We know that 1,ω, . . . ,ωk−1 is a basis of Fqk
over Fq and that M = {1,ω, . . . ,ωk−1, . . .} is an f -subgroup.
If B ∈ GL(k,q) then (1,ω, . . . ,ωk−1)B = (b1, . . . ,bk) generates the f -sequence
(
(b1, . . . ,bk)A
j)
j=0,...,qk−2.
Furthermore any set of k consecutive terms in this sequence, say c1, . . . , ck , is of the form
(c1, . . . , ck) = (b1, . . . ,bk)A j , for some j, and so by Lemma 4.2 is linearly independent over Fq; in
particular, each ci is non-zero.
Now we can apply Lemma 4.1 to conclude that each such sequence coincides with M = F∗
qk
; thus
we have at least
∣∣GL(k,q)∣∣/(qk − 1)=
[
k−1∏
i=0
(
qk − qi)
]/(
qk − 1)
(cyclically) distinct ways of writing M = F∗
qk
as an f -sequence. It is not hard to check that, unless
k = 2 and q = 2, we have |GL(k,q)| > k(qk − 1), so that M is non-standard. If k = 2 and q = 2 then
|M| = 3 and M is standard by 1.4 of [1].
Suppose now that {1 = s0, s1, . . . , sn−1} is a way of writing F∗qk as an f -sequence, where n = qk −1.
Note that si = s j if 0 i = j  n − 1. If j ∈ {0, . . . ,n − 1}, we may write
s j = u1, j1+ u2, jω + u3, jω2 + · · · + uk, jωk−1 =
(
1,ω,ω2, . . . ,ωk−1
)
u j
where u j = (u1, j,u2, j, . . . ,uk, j)T .
For 0  i  n − 1, let Ui be the (k × k) matrix whose columns are ui, . . . ,ui+k−1 (in this order).
Further, let C f be the companion matrix of f (t). Then
(s j, s j+1, . . . , s j+k−1)Crf = (s j+r, s j+r+1, . . . , s j+r+k−1)
whence U j+r = U jCrf for all r ∈ N (in fact, all r ∈ Z).
It follows that the set C = {u j: 0  j  n − 1} of all possible columns belonging to the matrices
U0, . . . ,Un−1 is a subset of the Fq-space generated by {u j: 0 j  k − 1}. If U0 were not invertible
then this space would have dimension d < k and so C would have fewer than qk − 1 = n elements,
whence the set {1 = s0, s1, . . . , sn−1} would have fewer than n distinct elements, a contradiction. Thus
U0 is invertible and then each Ur = U0Crf is invertible.
Hence U0 ∈ GL(k,q) and
(s0, s1, . . . , sk−1) =
(
1,ω,ω2, . . . ,wk−1
)
U0,
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It is well known that if p is a prime and i,n ∈ N then pi − 1 | pn − 1 if and only if i | n while
pi + 1 | pn + 1 if and only if both i | n and n/i is odd.
4.4. Proposition. Let q = pn where p is a prime and n ∈ N. Let k ∈ N with k  2. Suppose that i ∈ N is such
that gcd(ki,n) = i and is further such that pi = 2. Suppose that c q−1d is the q-factorization of (pki − 1). Then
for each positive divisor e of d, the subgroup of order (pki − 1)e in F∗
qk
is non-standard over Fq.
Proof. For e | d, write Me for the subgroup of order (pki − 1)e in F∗qk . Because gcd(ik,n) = i then
Fpik ∩ Fq = Fpik ∩ Fpn = Fpi
and so
F∗
pik
∩ F∗q = F∗pi .
Thus M1 ∩ Fq = F∗pi and so, by Lemma 2.1, c = |M|/|F∗pi | and d = |F∗q |/|F∗pi |. Because c and d are
coprime then c and d/e are coprime. But then |Me| has q-factorization c q−1d/e , and so δ(Me) = c =
δ(M1). Now M1 is the multiplicative subgroup, F∗pik , of the subﬁeld Fpik of Fpnk = Fqk . By Theorem 4.3,
F∗
pik
is non-standard over Fpi . Write f (t) for the minimum polynomial over Fpi of a generator, γ ,
of F∗
pik
. Because F∗
pik
∩ F∗q = F∗pi , f (t) must be the minimum polynomial of γ over Fq . Now by the
Lifting Theorem 3.1, it follows that Me is non-standard. 
Theorem 4.3 gives the number of cyclically-distinct sequences which represent M1, and then each
Me will be represented by at least this number of sequences.
5. Non-standard groups (a-power polynomials)
We saw in the previous section that when f (t) is primitive, so that an f -subgroup M has maxi-
mum possible order, then M is non-standard. Here we show that the same holds for irreducible f (t)
with degree k > 2 when M has minimum possible order.
5.1. Lemma. Let f (t) be irreducible of degree k 2 over Fq and let M be an f -subgroup. Then |M| k+ 1. If
|M| = k + 1 then δ( f ) = k + 1 and f (t) is the “all ones polynomial”.
Proof. We have |M| = ord( f ), which is the least n such that f (t) | tn − 1. Thus |M|  k. If |M| = k
then f (t) = tk − 1 which is not irreducible because k 2. Thus the least possible order for M is k+ 1.
By Proposition 2.7(b), δ( f ) = k + 1 and f (t) is the “all ones polynomial”. 
5.2. Theorem. Let f (t) be an irreducible a-power polynomial of degree k > 2 over Fq, where a ∈ F∗q . Then
each f -subgroup in F∗
qk
is represented by at least k! distinct f -sequences, and is non-standard.
Proof. We have f (t) =∑ki=0 ak−iti . By Proposition 2.5(b), δ( f ) = k + 1. Write
g(t) = a−k f (at) = tk + tk−1 + · · · + t + 1 ∈ Fq[t].
Then g(t) is irreducible because f (t) is; the minimal n such that g(t) | tn − 1 must be n = k + 1 and
so ord(g) = k + 1 (which is a prime that does not divide q).
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qk
and let M1 be a g-subgroup of F∗qk . Because g is irreducible, all g-
sequences have minimum period equal to ord(g) = k + 1 by 8.28 of [6]. Thus M1 = {1,ω,ω2, . . . ,ωk}
because |ω| = k + 1. We have
1+ ω + ω2 + · · · + ωk−1 + ωk = 0.
Consider the sequence S whose minimum periodic segment is as indicated:
(
. . . ,1,ωσ(1),ωσ(2), . . . ,ωσ(k), . . .
)
,
where σ is a permutation of {1, . . . ,k}. We have
1+ ωσ(1) + · · · + ωσ(k−1) + ωσ(k) = 1+ ω + · · · + ωk−1 + ωk = 0,
so that S must be a g-sequence. Given that there are k! distinct choices for σ , M1 admits k! distinct
representations as a g-sequence. But k! > k because k > 2, and so M1 is a non-standard g-subgroup.
Again by Proposition 2.5(b), δ(g) = k + 1. Let M2  F∗qk be an f -subgroup. By Proposition 2.7(a),
|M2| = |a|(k+ 1) which is a multiple of |M1| and so M1  M2. Thus by the Lifting Theorem 3.1, M2 is
represented by at least k! distinct f -sequences, and is non-standard because k > 2. 
5.3. Example. In F3[t], let f1(t) = t4 + t3 + t2 + t + 1 and f2(t) = t4 − t3 + t2 − t + 1. These are
both a-power irreducible polynomials and have orders 5 and 10, respectively. Each f i gives rise to a
non-standard subgroup in F34 which is represented by 24 distinct f i-sequences.
6. Non-standard groups (equally-spaced polynomials)
Here we study polynomials of the form f (t) = g(td) where d ∈ N, d > 1; such polynomials are
usually called equally-spaced. The ﬁrst two lemmas investigate their order.
6.1. Lemma. Let q be a power of a prime. Suppose that g(t) ∈ Fq[t] is irreducible of degree r. Let f (t) = g(td)
where d ∈ N is coprime with q. Then ord( f ) | d(qr − 1).
Proof. Let L be a splitting ﬁeld of f (t) over Fqr (the splitting ﬁeld of g(t)) and let ρ ∈ L be a root
of f (t). Then 0 = f (ρ) = g(ρd), so ρd ∈ F∗qr . Thus |ρ| | d(qr − 1).
For members of F[t], let ′ denote the formal derivative with respect to t . Then f ′(t) = (g(td))′ =
g′(td)dtd−1. Because d is coprime with q and g(0) = 0 then gcd(g(td),dtd−1) = 1. Because g(t) has
distinct roots then gcd(g(t), g′(t)) = 1. Thus there exist u(t), v(t) ∈ Fq[t] with u(t)g(t)+ v(t)g′(t) = 1.
This is an identity between polynomials and so u(td)g(td) + v(td)g′(td) = 1. It now follows that
gcd( f (t), f ′(t)) = 1 and so f (t) has distinct roots in L. Now by 3.9 of [6] or [7], ord( f ) is the least
common multiple of the orders of its roots. The result follows. 
6.2. Lemma. Let q be a power of a prime. Let f (t) ∈ Fq[t] be monic and irreducible of degree k ∈ N. Suppose
there exists d ∈ N with d | k such that ord( f ) | d(q kd − 1). Then there exists irreducible g(t) ∈ Fq[t] such that
f (t) = g(td). Further, gcd(q,d) = 1.
Proof. Let ρ ∈ Fqk be a root of f (t). By hypothesis, (ρd)(q
k
d −1) = 1, whence ρd ∈ F∗
q
k
d
. Let g(t) be the
minimum polynomial of ρd over Fq; then g(t) has degree h  kd . Because g((ρ)d) = 0 it follows that
f (t) | g(td) and we have equality because g(td), considered as a polynomial in t , has degree at most
dh  k.
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irreducible, and the ﬁnal assertion follows. 
6.3. Lemma. Suppose that g(t) ∈ Fq[t] is monic with g(0) = 0, that d ∈ N and that f (t) = g(td). Then
(a) δ( f ) = dδ(g); and
(b) if f (t) has distinct roots in a splitting ﬁeld then d | ord( f ).
Proof. (a) Write g(t) = tk − ak−1tk−1 − · · · − a1t − a0 and let Ug be the unit g-sequence:
. . . ,u0 = 0, . . . ,0,1,ak−1,a2k−1 + ak−2, . . . ,0, . . . ,0,μ, . . . ,
where μ is the multiplier and where the blocks of zeroes shown have k − 1 members. Now insert
blocks of d − 1 zeroes before u0 and between each successive pair of elements of Ug , as follows:
. . . ,B,0,B, . . . ,B,0,B,1,B,ak−1,B,a2k−1 + ak−2,B, . . . ,B,μ,B, . . . ,
where B represents a block of d−1 consecutive zeroes. This is the unit f -sequence. It is now obvious
that δ( f ) = dδ(g) and that the f - and g-sequences have the same multipliers.
(b) When f (t) has distinct roots, then 8.27 of [6] is valid and δ( f ) | ord( f ) by 3.1(c) of [2]. 
6.4. Theorem. Let q be a power of a prime and let g(t) ∈ Fq[t] be monic. Let d ∈ N and write f (t) = g(td).
Let L ⊆ Aq be the splitting ﬁeld of f (t) over Fq. Suppose that f (t) has distinct roots, which all have the same
order, in L. Let ρ ∈ L be a root of f (t) and write M = 〈ρ〉 L∗ . Then d | |M|.
Suppose that Md = 〈ρd〉 admits τ cyclically-distinct representations as a g-subgroup. Write n = |Md| =
|M|/d. Then M admits
τ d(d − 1)!nd−1
cyclically-distinct representations as an f -subgroup.
Proof. The hypothesis that f (t) has distinct roots implies that d is coprime with q and also, because
all roots of f (t) have the same order, that |ρ| = ord( f ). Thus d | |M| by (b) of the previous lemma.
We have |M| = dn and |Md| = n. Then |M : Md| = d and so {1,ρ,ρ2, . . . , ρd−1} is a transversal (set
of coset representatives) to Md in M . Then
M = 1Md ∪˙ ρMd ∪˙ · · · ∪˙ ρd−1Md,
an ordered disjoint union. Note that if Md is held ﬁxed, the other cosets may be re-ordered in (d−1)!
ways; typically we have
M = 1Md ∪˙ ργ1Md ∪˙ · · · ∪˙ ργd−1Md
where {γ1, . . . , γd−1} = {1, . . . ,d − 1}.
Suppose that
(1,ai0 ,bi0 , . . . , ci0), (1,ai1 ,bi1 , . . . , ci1), . . . , (1,aid−1 ,bid−1 , . . . , cid−1)
are ways of writing Md as a g-sequence. Then
M = 1{1,ai0 ,bi0 , . . . , ci0} ∪˙ ργ1{1,ai1 ,bi1 , . . . , ci1} ∪˙ · · · ∪˙ ργd−1{1,aid−1 ,bid−1 , . . . , cid−1}.
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M = (1,ργ1 , . . . , ργd−1 ,ai0 ,ργ1ai1 , . . . , ργd−1aid−1 ,
bi0 ,ρ
γ1bi1 , . . . , ρ
γd−1bid−1 , . . . , ci0 ,ρ
γ1ci1 , . . . , ρ
γd−1cid−1
)
is a representation of M as an f -subgroup. This remains valid whichever of the above (d − 1)! order-
ings of the cosets is chosen.
It remains to count the number of ways in which this may be done. There are τ ways of writing
Md as a g-sequence; as there are d cosets of Md in M this gives τ d ways. As observed, if the ﬁrst
coset Md is held ﬁxed, the other cosets may be re-ordered in (d − 1)! ways. This gives τ d(d − 1)!
ways. Each Mdρ j for j  1 can start at any of |Md| = n places. This gives nd−1 ways for each of the
τ d(d − 1)! possibilities already counted. Thus there are at least τ d(d − 1)!nd−1 ways in all. 
6.5. Theorem. Let q be a power of a prime and let g(t) ∈ Fq[t] be monic of degree r and satisfy g(0) = 0. Let
d ∈ N with d > 1 and write f (t) = g(td). Let L ⊆ Aq be the splitting ﬁeld of f (t) over Fq. Suppose that f (t)
has distinct roots, which all have the same order in L, and that f (t) = t2 + 1. Let ρ ∈ L be a root of f (t) and
write M = 〈ρ〉 L∗ . Then M is non-standard.
Proof. Again d is coprime with q and again ord( f ) = |ρ| = |M| is divisible by d.
Write Md = 〈ρd〉 and n = |Md|; then n = |ρ|/d = |ρd|. As above, Md is a g-subgroup; suppose that
it admits τ cyclically-distinct representations as a g-subgroup. By the previous theorem, M admits
θ = τ d(d − 1)!nd−1
cyclically-distinct representatives as an f -subgroup.
To show that M is non-standard as an f -subgroup it will suﬃce to prove that θ > degree( f ) = dr.
Clearly τ  degree(g) = r, which implies that
θ  rd(d − 1)!nd−1.
(i) Suppose that d 4. Then rd  r, nd−1  1 and (d − 1)! > d, whence θ > dr in this case.
(ii) Suppose that d = 3, so that θ  r32!n2. If r  2 this implies that θ  3r = dr. Suppose r = 1.
If n > 1 then θ  2n2 > 3 = dr, so we may assume n = |ρ3| = 1, whence ρ3 = 1. Now f (t) = t3 − κ
because r = 1 and we must have κ = 1 because f (ρ) = 0. But then f (t) = t3 − 1, which admits roots
of different orders because q is coprime with d = 3, contrary to hypothesis.
(iii) Suppose that d = 2. Then n = |ρ2| = |ρ|/2 while f (t) has degree 2r.
If n > 2 then θ > 2r2  2r = dr, proving the result in this case.
If r  2 and n = 2 then θ  2r2 > 2r = dr, again proving the result.
Suppose n = 1. Then |ρ| = 2 and so ρ = −1. The hypotheses on the roots of f (t) imply that
f (t) = t + 1, contrary to the fact that f (t) has even degree.
Finally, suppose that n = 2 and r = 1. Then g(t) = t − γ , f (t) = t2 − γ and |ρ| = nd = 4. This
implies that f (t) = t2 + 1, contrary to hypothesis. 
6.6. Remark.
(a) When f (t) = t2 + 1 in the above situation then |M| = 4 and M is standard by Lemma 1.4 of [1].
(b) The condition that the roots of f (t) be distinct and of the same order (where f (0) = 0) is equiv-
alent to f (t) being a divisor of a cyclotomic polynomial.
6.7. Example. The polynomial f (t) = t4 − t2 − 1 is irreducible in F3[t] with roots in the splitting
ﬁeld F34 . Let M  F∗4 be the f -subgroup generated by its roots. Because f (t) = g(t2), where g(t) =3
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representing M .
7. Further non-standard groups
In a recent preprint [5] Hollmann exhibited new examples of non-standard groups related to the
Golay codes, as follows; we thank Professor Hollmann for sending us a copy of [5].
(i) As described in [5], related to the ternary Golay code, F∗
35
contains a non-standard subgroup M1
of order 11, generated by any root of the following irreducible polynomials inf F3[t]:
f1(t) = t5 + 2t3 + t2 + 2t + 2 and f2(t) = t5 + t4 + 2t3 + t2 + 2,
as well as a non-standard group M2 of order 22 generated by any root of the following irreducible
polynomials in F3[t]:
g1(t) = t5 + 2t3 + 2t2 + 2t + 1 and g2(t) = t5 + 2t4 + 2t3 + 2t2 + 1.
These two groups both have restricted period 11. That M2 is non-standard follows from Theorem 3.1
and the fact that M1 is non-standard.
Here we explicitly describe a non-standard sequence, found by computational means, which rep-
resents M1. Let ω ∈ F35 be a root of the primitive polynomial t5 + 2t4 + 2t3 + t2 + 1, so that ω
generates F∗
35
and write W = ω22. Let φ denote the Frobenius automorphism, φ : x → x3, of the ex-
tension F35 : F3. Then M1 can be represented by the following non-cyclic f1-sequence(
1,W 1,W 8,W 4,W 3,W 9,W 10,W 7,W 2,W 5,W 6
)
as well as by four other sequences that can be obtained from this one by repeated application of φ.
(ii) Again as described in [5], related to the binary Golay code there is a non-standard group M3
of order 23 generated by the roots in F211 of the following irreducible polynomials of F2[t]:
f (t) = t11 + t9 + t7 + t6 + t5 + t + 1 and g(t) = t11 + t10 + t6 + t5 + t4 + t2 + 1.
In all three cases here, the restricted period is of the form 2k + 1, where k is the degree of the
associated polynomial.
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